Engineering an interaction and entanglement between distant atoms 
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We propose a scheme to generate an effective interaction of arbitrary strength between the internal 
degrees of freedom of two atoms placed in distant cavities connected by an optical fiber. The strength 
depends on the field intensity in the cavities. As an application of this interaction, we calculate the 
amount of entanglement it generates between the internal states of the distant atoms. The scheme 
effectively converts entanglement distribution networks to networks of interacting spins. 



I. INTRODUCTION 

It is known that two atoms separated by a large dis- 
tance do not interact directly with each other. Nonethe- 
less, it would be highly desirable to engineer a direct 
interaction between two such atoms. To create such an 
interaction, one can try to artificially set up a continuous 
exchange of real photons between the atoms in a situa- 
tion when virtual photons arc not interchanged. Here, we 
propose such a scheme. We show how to generate an ef- 
fective interaction between atoms trapped in distant cav- 
ities connected by optical fibers. This could be useful in 
generating entanglement between the distant atoms. En- 
tanglement shared between distant sites is a valuable re- 
source for quantum communications 1]. Hence, we shall 
calculate the amount of entanglement generated between 
the distant atoms by our engineered interaction. Testing 
this entanglement will be equivalent to testing the pres- 
ence of a direct interaction between the distant atoms. 
On a smaller scale, when the cavities are near, the scheme 
would simply serve as an experiment to demonstrate the 
principle that atoms trapped in distinct cavities can be 
made to directly interact. 

Numerous proposals have been made for entangling 
atoms trapped in distinct cavities 0, IE 0> IE IE S H 
IE O, 0, 01 • Such atomic entanglement would be 
necessary to test Bell's inequalities and quantum commu- 
nication protocols with well separated massive particles. 
In many cases an intermediate quantum information car- 
rier (such as a photon) between the atoms is involved. 
Quantum information is mapped from atoms to photons 
in one cavity and mapped back from photons to atoms 
in another. In this paper, we eliminate the optical fields 
in the problem altogether to obtain an effective direct in- 
teraction between the distant atoms. This is, of course, 
much stronger than merely generating entanglement. For 
example, a direct interaction, when combined with local 
operations, can also be used to operate a quantum gate 
directly between the distant atoms, to swap the states of 
the atoms and so on. An Ising interaction, as generated 
between the atoms in our case, can in fact, be used to 
construct a universal quantum gate between the atoms 
(see the online implementation associated with Ref . ) . 
Thus one can use our method to directly link atomic 
qubits of distant quantum processors. 
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FIG. 1: Schematic description of the considered set-up. Two 
distinct cavity 1 and 2 each containing a two-level atom are 
connected via optical fibers. Practically the output of each 
cavity enters the input of the other. Cavity 1 also has an input 
off-resonant driving field A. LI and L2 represent resonant 
laser fields for local operations. 

II. THE MODEL 

We consider a very simple model consisting of two 
atoms, 1 and 2, placed in distant cavities and interacting 
with light fields in a dispersive way. The two cavities are 
then connected by optical fibers as depicted in FigQ] 

Interaction of atoms with light field in the dispersive 
regime can be accounted for by the following Hamiltonian 

m 

H,^t = xA^Aa['^ +xB^Bai'\ (1) 

where A, B represent the relevant intracavity radiation 
modes belonging cavity 1 and 2 respectively. Further- 
more, crj"''' = (aj + cr]), a'f ^ = - cr]) and a^""^ 
{j = 1, 2) are the Pauli operators associated to the atomic 
internal degree of freedom. The coupling constant x (e^s- 
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sumed, for the sake of simplicity, equal for the two atoms) 
is given by g^/A with g the dipole coupling and A the 
detuning from the internal transition 

Suppose, for the moment, that there is no connection 
between the two cavities, and consider only the driving 
field of amplitude A at the first cavity. Then, the dynam- 
ics of the intracavity modes is described by the Langevin 
equations 16] 
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where Ai„, Bin represent vacuum input noise and 7 is 
the cavity decay rate (assumed equal for the two cavities) 
|16|. For the moment we have ignored the spontaneous 
decay from the excited to the ground state of each atom. 
We will later present a case with feasible parameters in 
which this is possible. 

If we now connect the output of the cavity 1 with the 
input of cavity 2, and the output of cavity 2 with the 
input of cavity 1 (as in Fig. 1), we will have additional 
dynamical terms of the type \\J\ 



A 



-A + ^lB',^,, B 



-B + V7^'o, 



(4) 



where the subscript out indicates the field outgoing a 
cavity, while the prime sign means the retardation effect 
due to the propagation of the field along the fiber, i.e., 
for a generic operator O it is 0'{t) = 0{t — t) with r 
the delay time. However, such effect can be described as 
the introduction of a phase factor Thus, adding the 
terms Q to Eqs.© and taking into account the usual 
boundary conditions Aout (Bout) = ^/jA {B) - Ai^ {Bin) 
[Tfil |. we get 



A = 



B 



- (7 + i A) A + 7e*"*i^B - ix^crf ^ 
+^A,n- ^e''^^-B,n+A, 



'(7 + iA)B + 7e^'^^M- 
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where <^i2 {4>2i) is the phase introduced along the con- 
nection between the cavity 1 (2) and the cavity 2 (1). 
Such phases can be experimentally controlled. For the 
moment we ignore the loss effect in the fibers {i.e. as- 
sume lossless fibers). Later we will analyze the case for 
a lossy fiber linking the cavities. 

Since we are interested on quantum effects at station- 
ary regime, we are going to linearize our equations. First, 
let us write the steady state of the radiation fields by as- 
suming 7, A > g (i.e. 7 > x) and the expectation values 
of the vacuum fields Ain , -Bm to be much smaller than 
the driving and cavity fields. It results 



^(7 + «A) 



(7 + iA)2 - 72 exp [i {(f>i2 + 021 )] ' 



/3 = 7Q;exp (i02i) /(7 + iA) . 



(7) 
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Notice that the limit A ^ and (j)i2 + (j>2i cannot 
be taken, since due to the recycling effect the intracavity 
fields in such a case would explode. 

Then, the linearized version of Eqs.© will be 



b = - 
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where we have used the replacement A {B) a (/?) + 
a {h) and ain{bin) = Ain{Bin). From Eqs.(|5Jl and l(TU|l . we 
can adiabatically eliminate the radiation fields to obtain 
expressions for a and b in terms of linear combinations of 
the Pauli operators al and (J2 ■ In doing so we can also 
neglect the noise terms for 1 << 7/x << |q;|. Inserting 
the expressions for a and b (and hence A and B) in the 
Hamiltonian of Eq.lQJ, leads to an effective interaction 
Hamiltonian for the two atoms of the type 



(11) 



with J = 7X^6, where we have assumed 

e = Im{a*/3e*'^iV((7-KiA)2 -72e*('^i2+<^2i))}^ 
= Im{a/3*e*'^^i /((7 + iA)^ - -^2g»(0i2+02i))} (12) 

In deriving the above Hamiltonian (|lll) we have neglected 

the self interaction terms since [f^^'']^ = 1- There are 
also additional local terms in the Hamiltonian such as 
xlapfT^^'' and xlPl'^'^i^^- Notice that the Hamiltonian 
Hef f is an Ising Hamiltonian whose spin-spin coupling J 
scales as radiation pressure and goes to zero for A ^ 
and 012 -I- 021 0. 

We have thus managed to generate an effective Ising 
interaction between two distant two-level atoms with the 
upper and lower energy levels (say \e)j and \g)j with 
J = 1,2) taking the place of up and down spins of the 
original Ising model. This interaction strength can be 
arbitrarily increased by increasing the strength of radia- 
tion in the cavities. This concludes the first part of our 
paper, we next proceed to investigate an application of 
this interaction to entangling the distant atoms. 



III. ENTANGLEMENT 

Gunlycke et al. have recently investigated thermal en- 
tanglement in the Ising model in an arbitrarily directed 
magnetic field j^^. In particular, it was shown in Ref.fT^ 
that to get entanglement in the Ising model, it is nec- 
essary to have a magnetic field perpendicular to the z 
direction. To this end, we apply local laser fields to each 
atom (LI and L2 of Fig^l such that the local Hamilto- 
nian Hi 

ocal 

given by 



Ba 
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acts on the atoms in addition to Heff. It is also as- 
sumed that the local terms of the effective Hamiltonian 
(xjapo'J^-' and xlPl'^^i^'') are fully cancelled by choosing 
an appropriate detuning of the local laser fields from the 
\e)j \g)j transition. We choose B = rjj, with 77 ^ 1 so 
that the earlier derivation of the effective Ising Hamilto- 
nian is unaffected by the presence of these extra classical 
laser fields. Thus the total Hamiltonian of the system is 

Htot — Hiocal + H(,ff. (14) 

The Hamiltonian Htot has the following eigenvectors: 
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(15) 
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1^1 + if - ^Jl^jf- 
1 - Vl + rf 
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with eigenvalue s Ex = - 2y/B'^ + E2 = -2J, E3 = 
2 J and E4, = 2y^W+J^. 

Let us now consider as initial state of the two atoms 
the ground state \g)i\g)2, then we can expand it over the 
eigenstates basis as 



with 
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FIG. 2: The figure shows the plot of the amount E of en- 
tanglement between the distant atoms versus the scaled time 
r for ri = 0.1. The inset shows, on a log scale, the time t. 
versus 77. 



where we have introduced the scaled time t — Jt. 

In Fig|21 we have plotted the entan glem ent of forma- 
tion E (from the formula by Wootters '1^) for the state 
(|23|l as a function of r. We note that E can approach 
the maximum value 1 before diminishes. Its behavior 
is quasiperiodic as we are considering Hamiltonian dy- 
namics with incommensurable frequencies. As soon as 
E reaches a value ~ 1 we can suppose to turn off Hiocai 
(or Htot) and leave the atoms in a maximally entangled 
states. Notice, from Eg . 112311 . that entanglement does not 
directly depend on the interaction strength, but rather on 
the ratio B/ J. As a consequence 77 determines the value 
of time for which the maximal entanglement (Smax) is 
reached. Setting r* as the smaller value of t such that 
E ~ Emaxiv) ~ 1; the inset of Fig|21 shows how r* in- 
creases by diminishing the value of rj. 



IV. DISCUSSION 

We have completely eliminated the optical field in the 
process of deriving the effective Hamiltonian. In doing 
that we have also neglected the losses along the fibers. 
We now examine what happens if the fiber is lossy. The 
important effect of a lossy fiber is that the primed fields 
A^^f. and B^^^. also have a damping term (say exp (— F/)) 
in addition to the phase factor exp (i(t>i2) relative to their 
unprimed counterparts. Hence we should be able to 
model the effect of a lossy fiber phenomenologically by re- 
placing exp (7^12) and exp(icj)2i) by exp (70i2 — Fy and 
exp(7(/)2i — F/) respectively in Eqs.® to ((TT|l . When 
this replacement is done, only the dependence of a on 
CTj^-' and of b on a[^^ is affected (a and b still depend 
in the same way on the local terms). The dependence 
of J on F J is the found, in general, to be quite com- 
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plicated (depends on the explicit values of 7, A, (j>i2 and 
4>2i)- However, if we make the simplifying assumption 
that A >> 7, then J is simply replaced by Jexp (— 2r/). 
In the typical optical fibers used today, the loss rates are 
as low as 0.35 dB per kilometer (this data is from a quan- 
tum communication experiment with photons [2(Tj | ) . This 
translates to F/ w 0.08 for a fiber of one kilometer (sepa- 
rating cavities by the same distance). Then the coupling 
strength J between the atoms is about 92 percent of that 
estimated by Ea. ((TT|l . 

Finally, once generated, entanglement may have a sta- 
bility problem due to the atomic decay from the excited 
states. However, one can deal this problem by using, as 
|e) and \g), Zeeman ground state levels in a A configura- 
tion . This guarantees long lived states and its use has 
been already proposed within quantum computation |22| . 
A recent experiment with atoms in optical cavities has 
used precisely this type of atomic system 23j and we will 
estimate the feasibility of our proposal by slightly mod- 
ifying the parameters of that experiment. The strength 
X of our scheme is given in terms of two single pho- 
ton Rabi frequencies g and and an atomic detu ning 
Aa (different from our cavity detuning A) of Ref.|23| 
as Y = gil/Aa- The parameters of the experiment of 
Ref.lH are (g,l),Aa,7) = 27r(2.5, 8, -20, 1.25) MHz. 
We increase 7 five times, which is easy to do (higher cav- 
ity decay rate) and choose A << 7 and ^12 = 4>2i = 7r/4 



for simplifying the expression of J (these are not neces- 
sary). Then we have J « -x^fijl'^ « n/2 MHz (where 
n = jap is the number of photons in the first cavity). 
Thus with n ~ 50-100, we already have J 25-50MHz, 
which is indeed a strength of interaction comparable to 
usual atom-light interaction strength in cavities. 



V. CONCLUSIONS 

In conclusion, we have presented a scheme for generat- 
ing an Ising interaction between distant atoms. Such 
a scheme has greater potential than any scheme that 
merely entangles the distant atoms. For example, a di- 
rect interaction can be used to implement a two qubit 
logic gate between the distant atoms. The strength of 
the coupling can be made arbitrary by pumping more 
or less radiation into any of the cavities. This is a re- 
sult of using off-resonant coupling, between each atom 
and its cavity mode. The coupling of light with any 
general macroscopic object, called "ponderomotive" cou- 
pling (see Refs.jlSl for its applications in the context of 
entanglement) is of the same type. Thus our entangling 
scheme could potentially be extended to generate ther- 
mal entanglement for macroscopic objects | ,24j . 
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